Abstract. The twistor-like formulation of the type IIA superstring σ-model in D=10 is obtained by performing a dimensional reduction of the recently proposed twistor-like action of the supermembrane in D=11. The superstring action is invariant under local, worldsheet (n, n) supersymmetry where 3 ≤ n ≤ 8 and is classical equivalent to the standard Green-Schwarz action (at least for n = 8) ( * ) Supported in part by M.P.I. This work is carried out in the framework of the European Community Research Programme "Gauge Theories, applied supersymmetry and quantum gravity" with a financial contribution under contract SC1-CT92-D789.
-INTRODUCTION
Recently some attention has been devoted to new formulations [1] − [14] of superparticles, Green-Schwarz superstrings and, in general, super-branes that involve twistor-like [15] or harmonic variables [16] . The motivation of these attempts is the hope to clarify the role of the κ-symmetry in these models and to have some insight on the problem of their covariant quantization.
In particular, the twistor-like approach, with manifest world manifold supersymmetry, first proposed by Sorokin et al. [1] for superparticles in D=3,4, has been worked successfully for σ-models of superparticles [6] , heterotic strings [4] , [5] , [7] , [9] in D=3,4,6,10 and supermembranes [12] in D=11. Moreover type II superstrings have been considered by Chikalov and Pashnev [10] in D=4 with (1, 0) world sheet supersymmetry and by Galperin and Sokatchev [11] in D=3 with (1, 1) world sheet supersymmetry. Recently a formulation of heterotic string with both
Virasoro constraints solved in twistor form has been presented [13] . The approach of ref. [12] has been also extended to other p-branes by Bergshoeff and Sezgin [14] .
The target space background of these σ-models fulfils the same constraints that implement the κ-symmetry in the standard formulations. In particular, for superparticles, D=10 heterotic strings and D=11 supermembranes, these background constraints force the SYM and/or SUGRA background to be on shell.
Moreover the embedding of the d-dimensional world supermanifold into the D-dimensional target superspace is restricted by the "twistor constraint": the components of the pull-back of the vector supervielbeins along the fermionic directions of the world supermanifold tangent space vanish.
Thank to these background and twistor constraints, the background two superform B which is present in these models, exhibits a remarkable property, called Weyl triviality. This property is crucial to get actions with a manifest, world manifold n-extended local supersymmetry. This supersymmetry replaces n-components (and therefore provides a geometrical meaning) of the κ-symmetry of the standard formulations.
In this paper we pursue the program of the twistor-like approach by presenting a twistor-like classical action for the D=10, type IIA, superstrings σ-model. Our action exhibits left-handed and right-handed, n-extended, world-sheet local supersymmetry where 3 ≤ n ≤ 8 and is classically equivalent to the standard G.S. action.
For our purposes, twistors are just commuting Majorana spinors, λ, (Weyl-Majorana in D=10) in a space-time with Minkowski signature. Their usefulness in twistor-like models is mainly due to the fact that in D=3,4,6,10 dimensions, the vector v a = λΓ a λ is automatically light-like. This follows from the cyclic identity of the Γ-matrices in these dimensions. So in the case of heterotic strings, the twistor condition
are the left-handed and right-handed components of the pullback of the target vector-like supervielbeins). If one tries to repeat the same strategy for type II superstrings one meets a difficulty. Indeed the twistor constraint in this case gives
and a similar relation for E a + . Here λ,λ are two independent twistors (of opposite chirality for type IIA superstrings) so that the Virasoro constraints for E a ± are not guaranted. In our model this difficulty is overcome by the same mechanism at work for D=11 supermembranes. The point is that the worldsheet metric induced by the target supervielbeins E a does not coincide with the metric specified by the preferred local frame where the n-extended worldsheet supersymmetry manifests itself. In other words the Virasoro constraints do not appear in this local frame but in a different one.
The simplest way to get the correct constraints for the D=10, twistorlike, type IIA, superstrings is to perform a dimensional reduction of the D=11, supermembrane model of ref. [12] , along the line of ref. [17] . This is done in section 2. In section 3 we derive some useful identities that follow from these constraints and we show that the property of Weyl triviality is satisfied. Finally in section 4 we write the action and we prove that it is classically equivalent to the standard Green-Schwarz action.
Our notations are these of ref. [12] . In particular we shall follow the convention of ref. [9] to use the same letters for the world manifold and target space indices and to make the distinction by underlining the target space ones. Moreover in order to distinguish between D=11 and D=10 quantities and/or indices we shall put a hat on the former.
An appendix collects our conventions about Γ matrices in D=11 and their reduction in D=10 dimensions.
-DIMENSIONAL REDUCTION
The supermembrane superworld volume M(3|2n) is described by the local coordinatesζM ≡ (ξm, η qµ );m = 0, 1, 2; µ = 1, 2; q = 1, ...n where η qµ are grassmann variables. We shall also use the notation
The superstring superworldsheet M(2|n, n) is the slide of M(3|2n) at ρ = 0. The dimensional reduction of the worldmanifold is obtained by restricting all the superfields to be independent from ρ and by setting:
where 
where ω B A is a connection of the structure group SO(1, 1)⊗SO(n). With eqs. and a suitable choice of the reduction-redefinition of the connections, the d=3 constraints, as given in [12] , give rise to the standard, d=2, torsion constraints:
The expression of the torsion T qα will not be needed in the following and will not be reported here. It is only useful to recall the Bianchi identity e qα e pβ e rγ T qα,pβ sδ σ
The supermembrane target superspace, M(11|32), is described by the local supercoordinates:
ẐM ≡ (Xm, θμ);m = 0, 1...10;μ = 1, ...32.
We shall write X 10 = Y and we shall identify Y with the world volume coordinate ρ. Moreover a Majorana spinor in D=11 decomposes in two Weyl-Majorana spinors in D=10 with opposite chirality. Then the string coordinates are
We assume that all the background superfields do not depend on Y . In D=11 the reonomic parametrizations of the torsionTÂ and of the B-
The D=10 supervielbeins E A , the Lorentz superconnection Ω A B and the two-superform B are obtained from the corresponding superforms in D=11 by dimensional reduction. To this end we restrict all the target superfields to be independent on Y and we set:
where
10 and X ab = −X ba are Lorentz covariant one-superforms, and φ(Z) is the dilaton.
One can see that a suitable choice of X 10 b and X a b and the identification of taken to recover the standard D=10 constraints [18] . They are:
and all the other torsion and curvature components in the sectors of dimensions 0, 1/2, vanish. One should notice that the torsion components in eqs. (2.5 a,b,c) fulfil the Bianchi identity:
Here and in the following, indices between round brackets (square brackets) are symmetrized (antisymmetrized).
The pullback ofÊÂ and E A are respectivelŷ
Then from eqs. (2.1) and (2.4 a,b,c) one haŝ
The twistor constraint for the supermembrane iŝ
and the spinor-like derivative of this condition gives
From eqs. (2.1) and (2.7) one getsÊ
Moreover eq. (2.7) gives for the superstring the expected twistor constraint:
and the spinor-like derivative of eq. (2.9) (i.e. eq. (2.8) restricted to D=10) yields
However eq. (2.8), taken forâ = 10, contains the further constraints
In conclusion as twistor constraints for the superstring we shall impose both eq.
(2.9) and eqs. (2.11). They will be obtained through lagrangian multipliers by means of the action term:
where Q {qα,pβ} is symmetric in (qα), (pβ) and traceless with respect to q, p, andẽ is the superdeterminant of e A M .
-RELEVANT IDENTITIES AND WEYL TRIVIALITY
As shown in [12] , in the case of the supermembrane the twistor constraint implies the remarkable identities
and
Here q, p = 1, ..., n; 3 ≤ n ≤ 8 andâ,b = ±, ⊥.
Moreoverĝâb =Êâ a ηâbÊb b (3.5) is the metric induced by the target vielbeinsÊâ in the tangent space of the world volume. We shall assume that this metric is non degenerate.
Let us consider the projectorŝ 3.6) and let us writev
wherev is a D=11 spinor. It is also convenient to split the Γ-matrices as
where Γâ = lives in the three dimensional subspace spanned by Eâ a and Γâ ⊥ lives in the eight dimensional orthogonal subspace. Notice that
Eq. (3.3) is equivalent to the following condition
that is
After dimensional reduction from D=11 to D=10, eq. (3.3) yields the identities
and eq. (3.7) gives
Here
and 3.14) with
Moreover eqs. (3.2) , (3.4) , taken forâ =b =⊥ and q = p together with eq. (2.11c) 3.16) so that, by taking into account eq. (2.10c), one has
Of course these identities can be derived directly from the twistor constraints in D=10.
Indeed let us consider the vector
Then a straightforward calculation, which makes use of the constraints (2.10), (2.11) and of the Γ-matrix cyclic identity, allows to rewrite V a q as
and therefore V a q = 0. Then, considering eq. (3.19) for q = p, one obtains eq. (3.17) . Notice that in this derivation n is required to be ≥ 3. (3.20) are proportional. Indeed they are light-like and moreover, from the cyclic identity and eq. (3.12),
An interesting consequence of eq. (3.17) is that the vectors
In the same way, alsoL
Moreover the proportionality coefficients as well as the scalar products L a q±L q±a are independent from q. This can be seen by expressing the metric components g ab in eq. and we can set, without restriction, |det A| = 1, where A is the invertible matrix
It is also convenient to write det g in terms of these vectors. One gets
At this point, it is immediate to verify eqs. (3.10) and (3.11) and then to deduce eq. (3.12) .
Restricting ourselves to the case n = 8, let us notice that the 16×16 matrix
so that the projector Q (+) can be rewritten as
Now we are ready to prove Weyl triviality for the 2-superform B.
Weyl triviality asserts that it is possible to modify B by adding to it a gauge and Lorentz invariant 2-superform K, (3.24) in such a way that the differential ofB restricted to the superworldsheet M vanishes. In our case
Using the twistor constraints and the SUGRA constraints for H, as well as eqs. (3.10) , (3.22) , K can be rewritten as 
To get eq. (3.28) one should remark that the contributions to dK involving the components T qα pβ,rγ and T α βγ , T βγ α of the worldsheet and target space torsions, vanish. Indeed, if for instance one considers the term
which arise in the calculation of dK one gets
and the second term vanish due to the Bianchi identities eqs. (2.2), (2.6).
On the other hand the pull back of dB is
3.29) However, from eqs. (2.10), (3.21), (3.22) and the cyclic identity, one has
so that the r.h.s. of eqs. (3.28) and (3.29) are equal and opposite and Weyl triviality is proved.
-ACTION AND FIELD EQUATIONS
It follows from Weyl triviality that the action
is invariant under n-extended worldsheet supersymmetry. Here M 0 is the slide of M at η qn = 0, the constant α is the string tension and
Indeed, if δ ǫ denotes the variation under the infinitesimal local supersymmetry transformation ζ M → ζ M + ǫ qα (ζ)e M qα and i ǫ denotes the contraction of a (super)form with the vector ǫ qα e M qα , one has
The action I (B) must be added to the action I (C) in eq. (2.12). Alternatively one can add to I (C) the action [9] 
where P M N are new, Grassmann antisymmetric, lagrangian multipliers. The local invariance, that follows from Weyl triviality,
Λ LM N being a Grassmann antisymmetric superfield, allows to gauge to zero all the components of P M N excepting the highest one [9] [19] .
so that eq. (4.1) is recovered.
In order to implement the worldsheet supervielbeins and torsion constraints one can add to the action I (B) + I (C) the further term
Finally let us recall that by a shift of the lagrangian multipliers P αq a , I
can be rewritten as
and reduces to a form of the standard action of the G.S., type IIA, superstring, σ-model.
In conclusion the twistor-like formulation of the type II A, superstring σ-model is described by the following action
( 4.6) (Here P qα and Q {qα,pβ} denote the shifted lagrangian multipliers).
The relevant field equations are
where (4.13) are the standard superstring field equations. Moreover the only non vanishing components of K {qα,pβ} a are K {q1,p1} + and K {q2,p2} − symmetric and traceless in q, p.
The action I is invariant not only under diffeomorphisms and n-extended local supersymmetry but also under the generalized superWeyl transformations
supplemented with corresponding transformations of D A and a rescaling of the lagrangian multipliers. In addition I is invariant under the following local transformations of the lagrangian multipliers (4.16) Indices between curly brackets are symmetrized and traceless and in particular Λ {qα,pβ,rγ,sδ} b are superfields symmetric in qα, pβ, rγ, sδ and traceless in q, p, r, s,. The dots in eqs. (4.14a), (4.14c) and (4.15) denote suitable terms proportional to the gauge parameters Λ ′s and/or T rγ qα,pβ . The invariance under (4.14) and (4.16) follows immediately from the cyclic identity and the torsion Bianchi identity respectively. That under (4.15) is less obvious. It encodes the fact that the spinor like derivatives of the components of the constraints (2.10) parallel to E aa and traceless in q, p and of the constraints (2.11) traceless in q, p are not new constraints but are fulfilled automatically once the constraints (2.9), (2.10), (2.11) are satisfied. This can be shown easy using eqs. (3.13) and (3.28) .
Coming back to the field equations (4.7)-(4.10), eq. (4.7) implies
Moreover from eqs, (4.8) and (4.9) (4.8) , (4.9) reduce to the classical field equations of the standard, Green-Schwarz, type IIA superstring σ-model
It is worth mentioning that the components of the supervielbeins and SO(1, 1) ⊗ SO(n) connection are not independent dynamical variables. Indeed ω A B can be expressed in terms of the supervielbeins by means of conventional torsion constraints and the superdiffeomorphisms and the other local invariances allow to gauge away almost all supervielbeins components. Moreover the (derivatives of the) twistor constraints allow to express the remaining components such as the gravitino fields (as well as the higher components of the superfields Z M ) in terms of the leading components of the "higher" superfields and of the twistor fields.
Let us conclude by noticing explicitly a fact already anticipated in the introduction. The induced metric
is not diagonal and therefore the Virasoro constraints are not fulfilled in the frame where the n-extended supersymmetry is manifest. Nevertheless, it is easy to recover the frame where the Virasoro constraints hold recalling eqs. In the world manifold, the tangent Minkowski metricsηâb in d=3 and η ab in d=2 have again signature such thatη 00 = η 00 = 1, (â = 0, 1, 2 and a = 0, 1). We denoteσâ and σ a the real and symmetric "Γ-matrices" in d=3 and in d=2 respectively (2×2 matrices in both cases). By choosing for the Dirac and charge conjugation matrices in d=3 the representation γ 0 = τ 2 ;γ 1 = −τ 1 ;γ 2 = iτ 3 ; C = −iτ 2 we haveσ
Moreover we define
so that
